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CATEGORICITY IN N, OF SENTENCES
IN L...(Q)

BY
SAHARON SHELAH

ABSTRACT

We investigate the categoricity and number of non-isomorphic models in N, of
sentences in L, ..(Q). Assuming V = L we prove that no sentence in L., .(Q)
has exactly one uncountable model. Thus partially answering problem 24 of a
problem list by Friedman.

1. Introduction

After the solution of the problem of the categoricity-spectrum of first-order
theories by Morley [9] (for countable theories) and Shelah [14] it is natural to
look at categoricity of sentences in wider logics. Keisler [5] deals with
categoricity of ¢ €L,,. and, assuming the existence of appropriate N,-
homogeneous models, gets full results. Unfortunately this is not the general
case. Marcus [8] proved the existence of a minimal countable model which
contains an infinite set of elements indiscernible in a strong sense, and the
author observed this implies there is ¢ € L., .. categorical in every A, but no
model of which is (L., ., N:)-homogeneous.

Several years ago the author investigated ¢ € L., categorical in N,, (which
should be the easiest case) and got a picture quite similar to the one for
first-order theories (the most significant result is mentioned in [8]). Unfortu-
nately the existence of prime models over appropriate sets was not proven.
Hence the categoricity was not proven. Also the amalgamation property was
not proven. Later and independently Knight [7] obtained also some of those
results.

A common device is that when your methods do not answer your questions,
change your question. The following question (due to Baldwin) appeared in
Friedman [3] (question 24):

Can a sentence € L(Q) have exactly one uncountable model?
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We answer negatively, assuming V = L, even for sentences in L., .(Q), by
proving that if such ¢ has < 2™, but at least one, models of cardinality N,, then
it has a model of cardinality N..

The following example is interesting. Let ¢® € L (Q) be the sentence saying:
< is a dense linear order with no first nor last element, each interval is
uncountable, but {x: P(x)}is a dense countable subset. By Baumgartner [1] it is
consistent with ZFC + 2" = N, that ¢ is categorical in N,, but it is not even
(R, 1)-stable (see Def. 3.5)

We can replace the quantifier (Qx) by some stronger quantifiers without
changing much. Let M |=(Q* P)¢(P) (P varies over one-place predicates)
mean that the family {P C|M|: M |=¢ [P]} does not contain a subfamily P, of
consistent with ZFC + 2" = N, that * is categorical in N,, but it is not even
bounded (i.e. (VP)(3P)(P C|M|A|P|=R— P C P,€P)]. Notice ((Qz)¢(2)
="NQ"P)(Vz)(¢(z)—> P(z)). By Shelah [16] th. 2.14, L(Q*) is very
similar to L(Q) for models of power N,, and in fact also L., .(Q) is very
similar to L.,.(Q). The results of Secs. 2, 3 and 4 generalize easily to
L.,.(Q"), moreover by [16] clearly if ¢ € L,.:.(Q%), I(N.,¥)<2™,
M|=¢,[|[M||=N, then e.g for no a€|M| and ¢ €L,.(Q") does
MI[=(Q" P)p(P,a)r(Q™P) Tlo(P,a).

But Sec. 5 does not generalize, as shown by the following ¢ € L(Q*) which
has exactly one (uncountable) model: ¢ states that < is a dense order, with no
first element, each initial segment is countable, but the model is not, and
Q™ P) (TP does not have a first element). The model of ¢ is just (n - w,, <).

NortaTioN. L will be a countable first-order language, L (Q) is L when we
add to it the quantifier (Qx) meaning: ‘‘there exist uncountably many x’s such
that..”” L,,. is L when we allow A..pn, provided that A...¢. has only
finitely many free variables. L., .(Q) is defined similarly. A fragment of
L,.(Q) (or L,,.) is a countable subset, closed under: taking subformulas,
changing names of free variables and applying the finite connectives, and the
quantifiers (3x), (V x). Let ¢, 6, be formulas, ¢ a sentence, R, P predicates.

IfLCL',y€L..(Q)then PC(y, L) is the class of L-reducts of models of
¢, and I(A, ¢, L) is the number of non-isomorphic models in PC(¢, L) of
cardinality A. If L = L' we write I(A, ¢) for I(A, 4, L).

By ¢ =@ (x, - x.) = ¢(X) we mean every free variable of ¢ appears in X.
For L* C L.,,..(Q) the L*-type a realizes in M (a model) over A C|M | (= the
universe of M) is
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tp(d, A, L*, M) = {p(%,b): ¢ EL*, b € A, MKy [4, b1}
(@={(a, - an.)EA means a, - a» €EA).

If the length of a, [(a), is m, it is a L*-m-type. If not said otherwise, A = ¢.

2. Pseudo-elementary classes

Lemma 2.1. Let LCL', y €L, (Q), and L* a fragment of L., .(Q).
Then:

(A) Ifin some model M of ¢ of cardinality = 8,, uncountably many L*-types
are realized then I(N,, ¢, L)=2"

(B) If for some model M of , of cardinality = N,, there is a countable
A C|M|, such that in M over A uncountably many L*-types are realized then
I(Ny, ¢, L) =2" provided that 2" >2",

Proor.
(1) This is theorem 5.1 of [6].
(2) This follows easily from (1).

LemMa 22. Let LCL', y €L (Q), L* a fragment of L., .(Q). Assume
{p: p is an L*-type and there is an uncountable model of ¢ in which p is
realized} is uncountable. Then I(R,,, L) = 2"%.

Proor. By Keisler [6], just as in Morley [10], it follows that the set of
L*-types realized in uncountable models of ¢, is analytic and its cardinality is
=N, or is 2. So by the hypothesis the cardinality is 2. By the downward
Léwenheim-Skolem theorem (for L., .(Q)) each such type is realized in a
model (of ) of cardinality N;. So if I(N,, ¢, L) < 2", then in some model of ¢
of cardinality N,, at least N, types are realized, and we get a contradiction by
2.1(A).

THeoreM 2.3. Let LCL', ¢ €L, (Q), M|=¢, |[M||=N,.

(A) If for every fragment L*, in M only countably many L*-types are realized,
then ¢ has a model N, || N | = 8, in which only 8, L.,..(Q)-types are realized.

(B) If for every fragment L*, over every countable A C|M| in M only
countably many L*-types are realized then ¢ has a model N, |N || = Ny, in which
only 8 L., .(Q)-types are realized over any countable A C|M|.

Proor.
(A) Define by induction on a < w, the fragment L% of L., .(Q):
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L¥=L(Q),

L*=U L% for limit «

B<a
and L#*., is the minimal fragment closed under (Qx) which contains
L*¥U{atp(a,¢,L*,M): a€|M|},

We can prove inductively that L ¥ is indeed countable: for a =0, a limit it is
immediate, and for o a successor it follows by the hypothesis.

Now w.l.0.g. we can assume that | M |, the universe of M, is w,. Expand M to
the model

M':(M, <’EO’...,Em...,Fo’...,Fm...)"<w
where:
(1) < 1is the usual order of the ordinals,
(2 E,={a)"a‘b:l(@a)=1(b)=n; a,be|M|;

tp(a, ¢, L% M)=1tp(b,¢,L%,M)}

(3) F. is an n + 1-place function, and F,(a,d)E{m:m < w} and F.(a,d) =
F.(a,b) © E,(a,a,b).

(We can define F, because the number of L *-types realized in M is countable).
It is easy to note that

(i) E.(a,X,¥) is an equivalence relation (in M); it refines E,(B,x,¥) for
B <a; and it has =N, equivalence classes; and < is an order with first
element, 0, and E,(0,d, b) iff the L¥-types of @ and b are equal.

(i) If N|=E.(a +1,d,b) then for every c,E N there is c.€ N such that
N |=E,.a,a"{c), b "(c)). Moreover if for 8; ¢’s N |=E,., (a,a "{c), d "{c\)),
then for Ny, ¢’s N |=E.., (a,b *{c), b "(c.)).

Clearly (i) and (ii)) can be ‘“‘expressed” by sentences ¢, . of L, .(Q)
respectively (for (i) we need the F,’s).

By [5] there is a model N’, such that: |[N'|=N,, N’ is a model of
Y AY A Y, <™ is not a well-ordering.

Clearly N|=¢, | N || =N, where N is the L'-reduct of N'. So let d, €|N’|
(n < w) be such that N'|=d,., < d,. Let us define E: for sequences 4, b, from
|N’| of length n, @E ;b holds iff for some m N'|=E.(dn,a,b).

As N'|=¢ A ¢, it is easy to check that the analogs of (i) and (ii) holds for N'.
So it is easy to prove that for every ¢(%) € L.,.(Q), dE+b = N'|=¢la]=
<p[5 ] (by induction on ¢). As



Vol. 20, 1975 CATEGORICITY IN K, 131

N’|=Eddo,d,b) S3E+b >tp(d,¢,Le..(Q),N)=1p (b,,L... (Q),N)

and E,(do,X,y) has =N, equivalence classes (in N’') clearly
{tp(a, ¢, L.,.(Q), N): a € N} is countable, so N is the model we want.

(B) Essentially the same proof.

LemMA 2.4. If I(Ny, ¢, L)=N,, M |=¢ then in M only countably many
L...(Q)-types are realized.

Proor. Let {M::i < a} be a maximal set of models of ¢ of cardinality N,
realizing only countably many L, .(Q)-types, and with pairwise non-
isomorphic L-reducts. By the hypothesis I(N,, ¢, L) =8, so clearly a < w,.
Suppose that in M uncountably many L.,.(Q)-types are realized and we shall
get a contadiction.

Let L* be a (countable) fragment of L., ., (Q) such that if 4, b € | M; | then

tp(a-’ (b, LT,M) = tp(b—, 4), L’f, Mn) & tp(d’ ¢9 Lwl.w(Q)9 M,) _
= tP (ba ¢7 waﬂ(Q)’ Ml)

(exists by the choice of the M,’s).

Let L* be a fragment of L.,.(Q) such that L¥C L* for i <a (exists as
a < ). As I(Ny, ¢, L) =N, by 2.1(A) in M only countably many L*-types are
realized. As uncountably many L.,.{(Q)-types are realized, there are 4, be
|M|, which realized the same L*-types, but for some ¢(X)€& L...(Q)
M=p[a]=—p(b). Let

Yi=EDAN(E) =Te(F) A A 0(X)= 6()).

So clearly Mi|="Wu, M |=¢,, by the hypothesis on M and 2.3 there is a
model N, |[N| =N, N|=¢ A, and in N only countably many L.,..(Q)-types
are realized. Clearly N contradicts the maximality of {M:: i <a}.

DerFINITION 2.1. M is (L*, N)-homogeneous if when tp(a,é,L*, M) =
tp (b, , L*, M), then for every ¢ €| M| there is d €| M| such that

tp(@a*é ¢, L*, M)=tp (b "d,¢,L* M),
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Lemma 2.5. Let L CL', M an L'-model, and in M only countably many
L...(Q)-types are realized. Then (A) For some fragment L* of L., ..(Q), M is
(L*, No)-homogeneous.

(B) Moreover we can choose L* so that for every a € |M | there is ¢ (X) € L¥,
such that Ml=¢[a], and ¢(%) is L. .(Q)-complete, ie., @(X)Ftp
(a,¢,L.,.(Q),M)).

(C) The sentence ;= r{: ¢ € L*, M |=¢} is L., .(Q)-complete.

Proor. Easy.

3. Nice sentences and the amalgamation property
Here always ¢ € L,,,..(Q), M and N are L-models.

DeriniTioN 3.1. The sentence ¢ € L, ..(Q) is L*-almost-nice (L* a frag-
ment of L, .(Q)) if

(1) ¢ +(Qx)x =x, ¢ has a model and is L,,.(Q)-complete

(2) every model of ¢ is (L*, R,)-homogeneous

(3) moreover if M |=y, @ € | M | then for some ¢ (%) € L*, M |=¢[a] and ¢ (X)
is L.,.(Q)-complete.

DEeFINITION 3.2.

(A) The sentence ¢ is almost nice if it is L *-almost-nice for some L ¥,

(B) The sentence ¢ is nice if it is L-almost-nice and in (3) of Def. 3.1 the
formula ¢ is atomic;

© M|=“y” if M is a (first-order) atomic model of T(y)=
{¢: ¢ €EL,M|]=¢ > M|=¢,,}. M is a non-standard model of ¢ if M|="1y,
M=“¢™.

(D) M|=*¢[al” (¢ € Lu,o(Q)if ¥ H(V)(¢(X)=R(x), R €L, M|=R[a],
M|=“¢” and ¢ is nice.

ReMARK. Notice that T(J) is a set of first order sentences. If ¢ is nice
¢ = * A Qx(x = x) for some ¢ * a Scott-sentence of a (first-order) prime model
in which each type is isolated by a predicate.

Lemma 3.1.

(A) For every almost-nice s there is L' D L and a nice y' € L, .(Q) such
that

(1) for every A I(A, ) =I(A,¢’)

(2) the L-reduct of any model of ' is a model of , and every model of ¢ can
be uniquely expanded to a model of ¢'.
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(B) If ¢ is nice, there is exactly one model M (up to isomorphism) such that
M |=“¢”, | M| = N, (this model is the prime model of T(y)).

(C) In Lemma 2.5(C) ¢ is almost nice.

(D) If M is a model of T(Y), where i is nice then:

() Assume N <M. Then N |=“y” iff every a € |N| realizes an L-isolated
type, i.e. there is ¢ € L, such that M |=¢l[a); T(¢), ¢(X)+tp(a,d, L, M)

(B) If AC|M|, |A|=N,, and every a € A realizes an isolated L-type, then
there are N\, N, such that N, is a model of T(§), A C|N:|, Ny< N, M <N,
and N,|=“¢”. If M is N,-saturated we can choose N.= M.

Proor. Easy.

LEmMmA 3.2, IfI(N,, ¢) = Ny, then there are almost-nice sentences Y, n = a =
w such that [P A(Q)x)(x =x)] =V n<alln.

Proor. Let M, n <a = w be the models of ¢ of cardinality R,. By Lemma
2.4 each M, realizes only countably many L., .(Q)-types. Hence by 2.5 and
3.1(C) there is an almost nice sentence ¢, such that M, |=.. Then . = ¢ A ¢,
satisfies our requirements.

DeriNiTION 3.3. Let ¢ be nice, M |=“¢”, N|]=“y".

(A) M <N if M is an elementary submodel of N.

B) M<*N if M<N and if R(x,y)EL, a€|M|, and M|=
“7AQx)R(x,a)” then for no ¢ €|N|—|M| does N|=R[c,al.

(C) M<**Nif M <*N and if R(x,7)E L, @ €|M|and M |=*(Qx)R(xa)”
then for some ¢ €|N|—|M|, N|=R[c,al.

REMARK. Notice that if M < **N then M # N (if there is a nice ¢ such that
=LG¢”).

Lemma 3.3.

(A) If ¢ is nice, M; |=*“¢” for i <w,, Mi <*M.., fori <j, Ms = U s M, for
limit 8, and {i: M; <**M,..} has cardinality N, then U, M, |=¢

(B) If ¢ is nice, M|=“¢s”, | M || = N, then for some N, M <**N|=*“y”

(C) The relations <, <*,6 <** gre transitive, and if M, <*M,<**M, or
Mo <**M, <*M, then M, <**M,.

M

Proor. Immediate.

DeriNiTiON 3.4. A nice sentence ¢ has the A -amalgamation property when:
if Nj[=“¢” for [ =0,1,2, No<*N, || Ni||= A then there are M, f,, f, such that
No<*M, M |=“¢”, f, is an embedding of N; into M, f;}| N,| = the identity and
M | Range (f)) <*M (for [ = 1,2).
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LEMMA 3.4. Suppose V =L or even O,

If  is nice but does not have the N,-amalgamation property then I(N,, §) =
2%,

Proor. Trivially I(N,, ) =2". Let {S:: i <w,} be a partition of w, to N,
pairwise disjoint stationary sets (see e.g. [17]), by Jensen’s diamond [4] there
are for @« <w,, a function f,: « > a, and L-models M2, M. with universe
w(1+ a) such that for every function g: w,— w,, and L -models M,, M, with
universe w;; {a: @ €S, g la = fo, Mi o (1 +a) = M} for | =0, 1} is stationary
for every i < w,. Let N,, N, N, contradict the N,-amalgamation property and
w.l.o.g. No<**N,, No < **N,. Now for any set S C w, we define M3 (a < w))
by induction on a, such that |[M3 | = (1 + &), M |=“¢”, B <a > Mj <*M.3.
For @ =0, or « a limit ordinal there is no problem. If M3 is defined let g be an
isomorphism from Ny,onto M2. If M =M/, a €S,and i €S & [ =0 choose
M3, so that g (if | =0) or f.g (if | = 1) cannot be extended to an isomorphism
from N, onto M3,.. In any case choose M3, so that |[Mi,|=w(l+a +1),
MS <** M5, .

Let M° =, .., M2, so clearly M®|=¢, |[M?®|=N,. It is easy to see that
M3Y = M*? implies that U{S;:i € S(1)}, U{S:: i € S(2)} are equal modulo
the filter of closed unbounded subsets of w,, hence S(1) = S(2).

DEeFINITION 3.5.

(A) A nice ¢ is (A, 1)-stable if M|=“¢”, AC|M]|, |A|=SA, implies
{tp(@, A, L, M):a€|M|}|=A

(B) A nice ¢ is A-stable if M|=“y¢”, A C|M|, |A|= ) implies

[{tp(@, A,L,N): aEN, N|=“¢", M <*N}| = A.

LeEMMA 3.5. Assume ¢ is nice and has the N.-amalgamation property,

(A) ¢ is No-stable iff ¢ is (R, 1)-stable.

(B) Assume 2" = N,; then  has an R,-model-homogeneous M of power N,
(i.e. if N, <*M, N, <*M, |N,||= N, f an isomorphism from N, onto N,, then f
can be extended to an automorphism of M).

ProoF.

(A) The direction = is always true, and the direction < follows by the
N,-amalgamation property.

(B) Easy.
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4. Rank
Let ¢ € L., ..(Q) be nice.

DerFiNITION 4.1. Suppose ¢ is nice, M |=“y¢”". For every L-type p with m
variable over a finite subset of | M | we define its rank R™(p) = R™(p, M) as an
ordinal, — 1, or «, as follows: We define by induction when R(p) = e, and then

R(p)=-1© R(p)Z0,
R(p)=a @ R(p)zZarR(p)Za+],

R(p)=>x& (Va)R(p)Za.

(A) R(p)=0 if p is realized in M.

(B) R(p) =z & (for a limit ordinal §) if for every a <8R(p)=Z a.

(C) R(p)= «a + 1 if the following conditions are satisfied

(o) there are ¢ €L and a€|M| such that R™(p U{p(X,a)P)=Za,
R™(p U{Tle(x,a)hZa

(B) for every a €|M| there is P(X,a) and ¢ €| M| (I(x)=1(¢) = m) such
that P(X, a)+tp(c,a,L, M) (so P(%, a,) is complete), R™"(p U{P(X,d)}) = a

(y) If M|=“"W(Qy)P(y,a)” and p -3 y)[¥(y,X,¢)AP(y,a)] then for some
d€|M|, M|=P[d,a) and R™(p U{¢(d,%, )= a.

REMARK. A natural ordering is defined among the possible ranks by stipulat-
ing — 1 <a < for any ordinal a.

DEeFiNiTiON 4.2, For any not necessarily finite p,
R™(p)=min{R"(q): q Cp, |q| <N}

Lemma 4.1.

(A) R™(¢(x,a), M) depends only on tp(a,d, L, M).

(B) pt+q implies R™(p)=R"™(q).

(C) R™"(p)= w, implies R™(p) = <.

(D) If M<*N, N|“¢”, M|=“y”, beE|M|, a€EN, |=¢lab],
R™(tp(a,|M|,L,N)=R"({¢(x,b}), A C|N|, b €A then there is a unique
complete L-type p. over A realized insome N', N <*N'|=“y", which contains
¢ (X, b) and has the same rank. So A CB > Pa C ps and pa does not split over
b, ie. if

619‘«—‘ZEA, tp(c_la d» La N) = tp(c-27 &7 Lv N)

and (,I €L then ll’(f,c—‘],a-) EpA & l[l(f,c"z,ﬁ)EpA.
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Proor.

(A) Prove by induction on « that the truth of R" (¢ (X,d), M) = a depends
only on tp(a, ¢, L, M).

(B) Easy.

(C) By (A) the number of possible ranks is countable, hence necessarily for
some a, < w, for no p R™(p, M) = ae. Now prove by induction on a Z a, that
R™(p, M) Z a, implies R™ (p, M) = o + 1 (for a, this is the definition of a,, for
a limit-—immediate and a = 8 + 1 use the definition of rank and the induction
hypothesis).

(D) Easy.

LemMma 4.2. The following conditions on ¢ satisfy (B) = (A) & (C) > (D)

(A) ¢ is No-stable.

(B) ¢ is (No, 1)-stable and has the R,-amalgamation property.

(C) For every finite p over M, M|=“¢”, R™(p, M) <.

(D) (o) ¢ is (No, 1)-stable, and

B) if N,M|=“y”, N <*M,a €|M|, thentp(a,|N|,L, M), is definable over
a finite set C|N|, where

DEerINITION 4.3. Let ACBCMI=“¢”, a €|M|, then tp(a,B,L,M) is
definable over A, if for every P(%, 7) there is P(3, b), b € A such that for every
¢ €|B|, M|=P\(a,¢) & M|=P(¢,b).

ReMarK. Not necessarily all the conditions are equivalent.

ProOF.

(B) = (A): This holds by 3.5(A),

(A) > (C): Let M be an N,-saturated model of T(¢) and N <M, [N || = N,
N =“¢”. Then we prove by standard techniques (see e.g. Keisler [6]).

CramM 43. Let M be an N,-saturated model of T(¢), A C|M|, |[A]|=Ne.
Then there is a model N, such that

(i) N<M, AC|N|,|IN|=NR

(i) let a €A, M]=“(Qx)e(x,d)” (¢ €EL) then for some ¢ €|N|-A,
M|=¢[c,a] iff there are 6 EL, b € A,

M= y)8(y, b) A (Y y)(8(y,b) > ¢(y,d))

but for no ¢ € A, M |=6(c, b). Then it is easy to prove that if R™(p) =, for
some p, then there are in M g, i <2™, satisfying the conditions of 4.3, and
realizing in M over |N| distinct L-types such that by 4.3 there are N,
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[N|Ua&@ C|N;|,N <*N, N; <M (remember R"(p)Zw, = R"(p)>w,, and
notice that the definition of rank is tailored for this proof.

(C) > (D), (A): Let NJ=“¢"", |IN|| =8, N<*M|=“¢”, and @ €|M|. Then
by (C) and 4.1 there is P(X, b) € p, = tp(a,| N |, L, M) with minimal rank, which
is @ <, Clearly by the definition of rank and the choice of P(X,b),
R™({P(%,b)}) Z o + limplies that for no P\(%,b,)(b,€|N|) do

R™"({P(%,b), P(%. b))z e

R™({P(%,5), TP(X, b)) Z a,

both hold; so exactly one holds, the one contained in p,. This proves that p, is
definable over a finite subset of N(=b) so (D) (8) holds. As the number of
such definitions is =|[N |+ N, also (D) (@) (A) holds.

LEMMA 4.4. Suppose y is nice and N,-stable, M <*N, [N || =8, M|=“y",
N|=“¢”,a €|N|. Then there is a prime model M' over [M|Ua, i.e. M <*
M'<N, and if M<*N', ¢ €N’, tp(a,|M|,L,N)=tp(a’,|M|,L,N’), then
there is an elementary imbedding f of M' into N', which is the identity over |M |,
and f(@y=a’', and N'| Range f < N'.

M’ is, in fact, the prime model of the first-order theory of (N, ¢).epmiva

QuesTioN. Can we demand M' <*N, N'| Range f <*N"?
Remark. (Until then this lemma is interesting mainly for ¢ € L., ,.)

Proor. Clearly it suffices to prove:

(*) If Nl=@y)¢(y,d,b) (¢ EL) where b €|M|, then there is ¢\(y,a, b))
(by€|M|, @ € L) such that N |=(V y)(¢:(y,a b)— ¢(y.a. b)) and ¢.(y,a,b))
isolates a complete L-type of y over |M|U &, and N|=Qy)e\(y,a,b).

ProoF oF (*). Chaose 6(y,X,¢)(C €[M|, 8§ € L) such that

() Ni=@y)(6(y,d,8)re(y,d,b)

(i) R™'(tp(a,|M|)) U{8(y,%,b)}) (m = 1(a)) is minimal assuming (i) holds.

It is easy to see that 8(y,a,C) A e(y, a,b) isolates a complete L -type over
|[M|U a, so we finish.

5: The order property

Let  be nice and N,-stable.

DEeFINITION 5.1. We say that ¢ has the order property if there is a model M
of ¢ and 4. €| M) (e < w,) and formula ¢ (X, ¥) € L such that M |=¢[d., 3] ©
a =0
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DEFINITION 5.2.
(A) We say that ¢ has the symmetry property if for M <*N, N
M|="¢"; a,b €|N|

¢ g
="y,

R(tp(a,|M|Ub,L,N) =R(tp(a,|M|L,N))
iff

R(tp(b,|M|Ua,L,N))=R(tp(b,|M|,L,M)),

(B) We say that ¢ has the asymmetry property if there are M,N, d,b as
above such that

(i) R(tp(a,|M|Ub,L,N)=R(tp(a,|M|,L,N))

(ii) for some E = E(X,, %, Z) € L, E(X,, X,, @) is an equivalence relation with
N, equivalence classes(in any model N’'; N<*N’|=¢) and b is not E(X,, %, d)
equivalent to any sequence from |M|.

THEOREM 5.1. The following properties of ¢ are equivalent (for nice No-
stable )

(A) ¢ has the order property.

(B) ¢ does not have the symmetry property.

(C) ¢ has the asymmetry property.

Proor.

(B) = (A).

Let M,N,a,b be a counter example to the symmetry property, and let
¢(X,5,C) (CE|M|,¢ € L) be such that:

(i) Nl=¢la,b,c]

(i) Re(x, b, &) <R(tp(a,|M|,L, M))
(by the symmetry between @ and b we can assume this). We can also assume
w.l.o.g. that [N = N,.

Now define by induction on @ < w, models N, ; and sequences 4., b, for limit
a only such that:

() [INa [l =8

(2) for limit a, N, = U;..N; and No=N

(3) N. <*Naut, Nota <*N, 5.

(4) for limit a, @, € N,., and tp(d., | N, |, L, N,.,) extends and has the same
rank, as tp(a,|M|, L, N).

(5) for limit a, b, €|N,..| and tp (b, | Nowi|, L, Na12) extends, and has the
same rank, as tp(b,|M|, L, N).
This is easy to do. Clearly by (4) and (2) and Lemma 4.1A
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Noul="Tgld,,b,c]. As tp(bs,|M|, L, Ns.2) = tp(b,|M|, L, Ny.o)

and as by 4.1D tp(d.,|N. |, L, N...) does not split over |M|, necessarily
B <a $ Nq+||=_—]¢[da,b-9,é]-
Similarly we can prove that for a = 8,

tp(éaAb_B,lM|yLv NB+2)= tp(a_AE’lMl’ L, NB+2)

hence Np.:|=¢[da, bs,¢]. AsN*= U ., N, isamodel of ¢ (by 3.3(A)) letting
(:‘-a = daAgaAC— and 0(f|, i,,f.;fz, y—z, Zz) = (P(f], )_’z, 22) we find that ledl and
N|=0[¢., Cs] © a =B. So we finish.

(C) = (B). _

Let M,N,a,b,E be as in Definition 5.2(B). Clearly it suffices to prove
p:=tp(b,|M|Ud,L,N) has rank smaller than that of p,=tp(b,|M|,L,N).
Suppose not, and let ¢ (X, ¢) € p, has the same rank as p,, so that (using 4.1B)
R(tp(a,&,L,N))=R(tp(a, M,L,N)). Choose b'€|M|, tp(b',¢é,L,M)=
tp(b,¢,L,M), and define models N.(a <w,) so that N, <**N,.,, N;=
U.<sNa=¢”, [N.]|=N, and b, EN,.;, N.[="¢(b.,¢) and R(tp
(bay Noy L N..)) = R(9(%,8)). As E(%,%,a) has in U.c, N, only R
equivalence classes, for some 8 < a < w,, E(b., bs, @). We can assume not (B),
so R(tp(b',¢"a,L,N))=R{¢(%,¢)}), so by 52B (below) E (b',b,a), con-
tradicting the definition 5.2(B).

(A) 2 (©)
During this proof we shall prove several claims. Of course we can assume
INT = 8.,

Cramv 5.2. Suppose N |=¢, and I* is a set of N, sequences from N and
A C|N| is countable, and | N| = N,,

(A) We can find an N, <*N, A C|No|, N. <**N,.,, Ny = U.,N,, N=
U .<..N. and @, € |N.+i|,d.&|N.|,d, € I* and ¢ € |N,|and ¢ € L such that
Nl=¢ld., <), and R(tp(a.,|N.|,L,N)) = R{e(%, )},

(B) The conditions of (A) or even R(tp(du, U p<ads UA,L,N))=
R{{e(%,¢)}) and Nl|=¢ (@.,¢) implies {d.: @ < w:} is an indiscernible sequence
over A, i.e. if

alLlD)<I,2)- <a(,n)<w(l=1,2,n <w)
then

1p(Gain” Gaa” " Gainry Ay Ly N) = tp(Gaey” Gaen ™+ Bainyy A, L, N)
(in any case we assume ¢(X,¢) is as in (A)).
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(C) If ¢ does not have the order property, in (B) we get that {G.: & < w,} 1s
an indiscernible set over A (i.e. we demand only that {«(/,i):i=1,n} are
distinct.

ProoOF.

(A) We can easily find appropriate N..’s. Now for @ < w,, choose inductively
alel a.Z|N.|, a.&{ay B <a}, and choose ¢. €L, b, €|N,| so that
R(tp(dk |N.|,L,N)=R(¢.(% b.)) and N|=¢.(a., b.).

By a theorem of Fodour [2] it follows that there is S C wi, | S | = N, such that
a €S > ¢. = ¢, b. = b. By renaming we get our conclusion.

(B) and (C). The proof essentially is as in Morley [9], Shelah [13].

DEFINITION 5.2. Let M|=“y”", J an ordered set, and a, € |M| for t €J.
Then the indexed set {d,: t € J} is called nice in M if for every b € | M | there is
a finite set SCJ such that if t()=tQ)modS [i.e. (VtES)
G<t)=t<tQat=t(l)=t=tQ)] then tp(@ " b,d,L,M)=tp
(@ " b, ¢, L, M).

CrLaiM 5.3.
(A) The indexed set {d.: @ < w,} from 5.2A is nice in N
(B) If {a,: t €J} is nice in M, M <*N |="¢" then it is nice in N.

Proor.

(A) Let b € N, so for some a b €|N...|, bZ N. or b €|N,|. If b €|N,|
clearly S = ¢ will do.We prove the existence of S = S(b) by inductionona. So
by 4.1C for some ¢ €|N.| tp(b,|N,|,L,N) does not split over ¢. Choose
Sh) = {a}U S(¢), and clearly this will do.

(B) For every b € N choose ¢ € |M | so that tp(b,|M|,L,N) does not split
over ¢. Clearly if t(1),t(Q)€J, t(1)=1t(2) mod S(¢) (S(¢) — the S we can
choose for ¢ by Definition 5.3) then tp(b " @, ¢, L, N) = tp(b " av2), &, L, N).
So we finish.

CONTINUATION OF THE Proor oF 5.1, (A) = (C)

So let N, N., @.,¢(%,¢) (« <w)) be as in 5.2A. We can assume |[N|= w,,
|IN,| = wa.

Now it is known (see e.g. [5]) that if 6 € L.,..(Q) has a model of order type
w1, then it has a model which is countable and has an order type which contains
a copy of the rationals.

Hence, using extra-predicates, there is an ordered set J, models N,(t €J)
and elements d,(t €J) such that
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(1) J,N, are countable, and N,,, = N, where ¢(0) is the first element of J, and
J contains a copy of the rationals.

(2) N |="“¢”

3) t()<tQ)EJ > Nuyy<**N,a, and let N*=U o, N,

(4) for each @ € U,c; |N,|~|N,o| there is t = t; € J such that a €|M,.,],
aZ|M.,| (t +1 - the successor of t)

(5) € €|Nuw|, Nisil=¢la, €] and tp(a,|N, |, L, N,.,) has the same rank as
¢(X,C)

(6) for each @ € N* there is a finite S(a)CJ such that t(1),t(2Q) € J,
t(1) ~t(2) mod S(a) implies tp(a” a, @, L,N*)=1tp(a"* di,,L,N*)

(7) for each b €|N,.,|—|N,| there are n, t(1)< - <t(n)=t and b,€|N, |,
and b, €|N.o|, b2 | Niw, such that, for 0=k =I=n, tp(b, Now,L,N*),
tp (b, b, L, N*) have the same rank.

Remark. For the original N, ’s, (7) follows immediately.

As J contains a copy of the rational order, it has a Dedekind cut (J,, J,) (J, —
the lower part) with no last element in J, nor first element in J,, (and J, # &,
I, # Q).

By (6) there is an N,-saturated model M of T(¢), N*<M, and a*€|M | so
that for b € N*, ¢ € L.

Ml=¢(a*, b) © there are t(1)E1,, t(2)E L, so that t(1) <t <t(2) implies
N*|=(p[d,, 5]

Clearly forevery ¢ €| N*|U a*, tp(¢, ¢, L, M) is isolated. If there is a model
M', N*<*M'<M, a*eM’, M'|=*y", then tp(a*,|N*|,L,M’) split over
every finite set C|N*|, contradiction. By 4.3 there are ¢,€|N*|, 6,,6.€ L
such that

(@) N*="71(Qx)6(x,¢))”

® M |=(3 y) 0y, a*,c)

(v) M|=(¥ y)(V £V 2)[0ay, %, 2)— 6:(y, 2)]

() for no d €| N*|, N*|=0((d,¢\) and M |=0,[d,a*,¢,).

By (7) we can find t(1)el,, t2)el, and ¢é,€ N,y such that
tp(¢1,|Ni|, L,N*), tp(¢,,¢:,L,N*) have the same rank. By notational
changes we can assume (1) =1¢(0), C:=C, €, € N;o+1. Let

E(X, X2, Z_) = (V y) [0y, X1, Z) = 0:(y, X2, Z)].
Clearly E(X,,X»;Z) is an equivalence relation, and if N*a* M,|=“y”,é' € M,.
M|=“"U(Qy)0:(y,¢")” thenin M, E (%,,%;¢') has < N, equivalence classes (by
the No-stability of ). Hence if ¢'€|Mi|, M,<*M,|="y”, M, [=“7
(Qy)0:(y,c')” then there is in M, no new E(&,,%,;¢")-equivalence class.
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So E(X,,%:;¢,) has N, equivalence classes: it has =N, by the previous
argument,and (3) < t(4) < t(2) implies N*j=1E (8., dv0y; €1). The last formula
implies of course that a., is not E(X,, £,; ¢,)-equivalent to any sequence from
N.o. So clearly (C) holds with No, N* &, @ for M,N,a, b respectively.

THEOREM 5.4. If ¢  (is nice, Ro-stable and) has the asymmetry property
then I(N,, ¢)=2",

Proor. Let M, N, a,b, E be as in Definition 5.2(B). ||[N| = N, w.Lo.g. Now
we define by induction on a < w, models N, such that:

(1) No=N

(2) Nol="¢”, [Nl =R

(3) N. <*N,.rand N,.,<**N,.,. Moreover every L-type over N,., real-
ized in some N’, N,., <*N’, is realized in N, ...

(4) N; = U N; for limit &

(5) Ns.. is prime over | N; |U as (see Lemma 4.4) where tp(as,|Ns |, L, Ns.1)
extend and has the same rank as tp(a,|M |, L, N); for limit &.

(6) bysi €N

Where tp(bg.i,{Ngai|,L,Ns,2) extend and has the same rank as
tp(b,|M|,L,N)

So clearly N*=U,_,, N, [=¢. Note that if § <w, (is a limit ordinal and
¢ € |N; | then for every a <8, ¢ €|M. | and for all B,a <B <& the types
tp(¢ " bg.. " ds, ¢, L, N*) are equal. (i.e., the type does not depend on B nor on
8).

Notice that all the E(X, ¥; ds) equivalence classes are representable in N;.,
(otherwise we can get a contradiction to the choice of E by (3)). Now for no
b'eN* is tp(a@"bh',|Ns|,L,N*) = tp(ds.un bs-1,|Ns |, L, N*). Otherwise
choose h" € N, such that N*|=E[b’,b", d,], so by the conditions in Defini-
tion 5.2 (B), N*|=TE[b", b., ;] for any a < 8. By 4.4 we can choose ¢ € |N; |
and ¢ so that N*|=¢{h", d,, ¢ and ¢(F,a,¢)+ tp(b”,d U|Ns|,L, N*)and let
¢E|N.|, a <6 and a <B < 8. Then ¢(X, @, ¢)F 1E(X, bs, ¢) hence

€:(y1,85,6)2 3 y)E(, 5, d) A 05, ds, ©)) F TE(E, by, €)

but N*|=¢,[bs, ds,¢] so N*|= 1E(bg, by, @), a contradiction.

As in the Proof of 5.1 (A)— (C), using [16], 2.14, for every set S C w, we can
find an order J, and models N,, t € J, and sequences a,, b,, such that

A) J=U., 1, | | = No,|J | = Ny, J. is an initial segment of J; J —J, has a
first element iff « € S; and J is elementarily equivalent to w,. Also a <8 >
J. CJs and J; = U, _;J, for limit .



Vol. 20, 1975 CATEGORICITY IN N, 143

(B) The conditions parallel to (1)-(6) above holds. We denote U.es N, which
is a model of ¢ of cardinality N,, by Ns. Let ¢ EM, ¢,, - € L be such that
Nl=e.a,élane.[a"h,é] and ¢(X, ), ¢x(%, 5,¢) has the same rank as
tp(a,|M|,L,N), tp(a"b,|M|,L,N) resp.

Now clearly

(%) Leta < w,;, N* = U N, Then a € Siff thereare ¢' € N°,

(EJ,

tp(¢, ¢, L,N)=1tp(¢’,¢,L,N*), and @' € Ns, Ns|=¢,[a’,¢'], and ¢ (%, C') has
the same rank as tp(a’,|N*|, L, Ns) such that for no b’ €|Ns| does Ns|=
@-[@' "b',c’] and @,(%,§,¢’) has the same rank as tp(a’'"b',|N*|, L, Ns).

(**)
If Ns= U Nl(a<w), N.<*Ns |N.=8, No<*N.i.;, N;j= U N!

a<8

then {a: N.= N°}is a closed and unbounded subset of w,.

We can easily conclude that Ns, = Ng, implies that S,, S, are equal modulo
the filter on w, generated by the closed unbounded subsets of @,. Hence e.g. by
Solovay [17], I(N:,¢) = 2™,

THE Ro-AMALGAMATION LEMMA 5.5.

(A) Let ¢ be nice and R,-stable, N|="¢”", (I =0,1,2)Ny<*N,, No<*N..
Then there is a model M of T(§) and elementary embeddings f; of N, into M
fil|No| = the identity, f, maps N, onto N, (I=1,2), and for a €|N}|
tp(a,N',L,M) has the same rank as tp(a,|No|,L, M),

(B) Under the conditions of (A), if |N:||=|N:||=N8s there is M' <M,
M=y, Ni < *M".

(C) If ¢ has the symmetry property, then in (B) we can have also N3 <*M',

(D) If ¢ has the symmetry property, it has the No-amalgamation property.

ProoF.

(A) Immediate.

(B) Follows by claim 4.3.

(C) Immediate by 4.3, as then the conditions in (A) are symmetric for N} and
N:.

(D) Immediate by (C).

LeEMMA 5.6. Suppose s is nice, R,-stable and with the symmetry property.

(A) If N|=¢, [N||= N then there is M, M |=¢, N <*M, M# N.
(B) Moreover there is such an M of cardinality R,
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Proor.

(A) Let N=U. ., Na, |IN.]|=8e, No <**N,.,, Ny =U,.., N., and let
N < M, M an N,-saturated model of T(). We now define by induction on «
models M, and embedding f;.. (for 8 <a) such that:

(1) N, <*M,, My# N,

(2) fs. is an elementary embedding of M; into M,

(3) M, | Range fo. <*M,

(4) fsa PNg = the identity

(5) if y <B <a then fru = foafusp

6) if a€|Mg|, B<a, then tp(a,|Ns|,L,M;) has the same rank as
tp (foa(a), Noy L, M.,).

We can define M, = N,, and then proceed by 5.5 for successor ordinal, and
using the limit for limit ordinal. We can assume M; < *M, for 8 <a.

Clearly U..., M. is the required model.

(B) By repeating (A) we get M, (@ < w,), Mg <*M, # M; for 8 <a, Mo= N.
Clearly U, ., M, is as required.

Without any assumptions on ¢ let us prove.

MAIN THEOREM 5.7. (V =Lor Ou) Ify € L, .(Q), I(N,, ¢) < 2™, but i has
an uncountable model, then  has a model of cardinality N..

Proor. Clearly we can replace in the proof ¢ by ¢’ if I(A, ¢') = I(A, ¢) for
A >R, but I(Ry, ¢') = 1.

Let M be an uncountable model of ¢, so by the downward Léwenheim-
Skolem theorem we can assume |M | = N,.

By 2.1A for every fragment L* of L., .(Q), only countably many L*-types
are realized in M. By Theorem 2.3A,  has a model M, of cardinality N, in
which only countably many L., .(Q)-types are realized. By 2.5A for some
fragment L* of L., .(Q), M, is (L*, N,)-homogeneous. By 3.1(C), 2.5(C) for
some almost nice ¢, M, [=¢,, ¢, ¢, so we can replace ¢ by ¢,. By 3.1(A) we
can replace ¢, by a nice ;. By 3.4 ¢, has the N,-amalgamation property, and by
2.1(B) it is (Ny, 1)-stable. By Theorem 4.2 i1, is N,-stable. By Theorem 5.4 i,
does not have the asymmetry property, hence by 5.1 it has the symmetry
property. Hence by 5.7 . has a model of cardinality N,.

CoNjecTure.  If ¢ € L., ..(Q) has an uncountable model, then it has at least
2™ non-isomorphic models.
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6. Various results

We give here various additional results, but do not elaborate the proofs or
omit them.

LeEMMA 6.1. Suppose € L,,..(Q) has a model of cardinality 3,

(A) Then some model of ¢ of cardinality =1, satisfies an almost-nice
sentence '.

(B) So A >R, = I(A, ¢) = I(A, ') and equality holds if ¢ is categorical in
some p = A,

(O) If  is categorical in N, then it is (R, 1)-stable.

Proor. Let M be an Ehrenfeucht-Mostowski model of ¢ of cardinality 2.,
(see e.g. [5]), with dense skeleton. Then in M only countably many L., .(Q)-
types are realized. Hence we finish (A), and (B) is immediate. By the proof of
Morley [9] (C) is immediate.

LEMMA 6.2. Suppse i € L., .(Q) is nice and has a model of cardinality 3.,
and is categorical in R,. Then s is No-stable.

Proor. Let M' be an Ehrenfeucht-Mostowski model of ¢. (M' is an L,-
model, L C L,) which is the closure of the indiscernible sequence {y;: i <w}.
Let M. be the closure of {y;: i <a}and M(M,) the L-reduct of M'(M.). It is
easy to see that « <3 > M, <*M,. By [12] in M we cannot find a set of N,
sequence which some ¢ € L ordered. From this it is not hard to deduce that if
a €|M|, B limit for some a <Btp(a,|Ms|,L,M) does not split over M,,
and there is a’'€|M.| such that tp(a,|Ms|,L,M)=tp(a’,|Ms|,L,M).
If T is not N,-stable, we can find models N, («¢ < w,) such that N, < **N,.,
N; = U. N, IN. | = No, N, |=““¢”" and the condition mentioned above does
not hold (i.e. for every § there is @ € | N5, | such that: tp(a,|Ns |, L, N5..) split
over every | N, |, (@ < 8) or for some a < 3§, tp(a,|N.|, L, Ns.,) is not realized
in Ns.)

It is easy to check that N = U, _,, N is not isomorphic to M, but is a model
of ¢ of cardinality N,, contradiction.

s

The following lemma was once used in the proof of 5.6 so we do not prove it.

LemMma 6.3.  Let  be nice, N-stable, with the symmetry property. Let M be a
model of T(y), Ni<N,<M, |N:|=8, a€|M|, M, <M is prime over
IN/|Ua; and N\, N;y M\, M,|=""4s”". Then there is an elementary embedding f of
M, into M., fI(|N\|U a) = the identity and M,}Range f <*M.,.
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From here we work in L,,..

We could reduce all the previous discussion to L.,.. The only noticeable
changes are the omitting of (y) in Definition 4.1 (of rank), and replacing
“YH(Qx)x =x"" by “¢ has an uncountable model” in Definition 3.1 (of
niceness), and we can drop <*, <** and

LemMa 6.4, If i is nice and Ny-stable, then it does not have the order
property (and does have the symmetry property.

Proof. Follows by the proof of 5.1 (A) = (C) (as we lack the alternative
followed there).

DerINITION 6.1. Let M |="¢ ",

(A) the formula ¢(%,d)(a €|M|,¢ €L) is big if there is a model N,
N[=“¢”, M <*N, and some ¢ €|N|, ¢&|M| satisfies ¢ (X, a).

(B) The formula ¢ (%, @) is minimal if it is bigbut forno 8 €L, b € |M
both ¢(%,a)A 0(% b) and ¢(X,d) A —0(%, b) big.

(C) IfaeM,ACM,tpa,A,L,M)isbig (minimal) if some formula in it is.

LemMMa 6.5.

(A) The properties
tp(a, ¢, L, M)

(B) If (X, a) is minimal a € A C M |=""¢”, then there is a unique complete
L-type over A realized in some N, M < *N |=*"4”", which is big and contains
@(X,a).

, are

“ LYY

o(X,a) is big”, “¢(X,a) is minimal” depends only on

Proor. Immediate.

LEMMA 6.6. Let s be nice and N,-stable.

(A) If M |=ys there is a minimal formula ¢ (%,a), d € A.

(B) If M|=y, a €E|M|, ¢(x,a) is minimal, then the dependence relation
among sequences satisfying ¢(%,a), defined by “b depends on {b,, b, -} if
tp(b,a U, b, L,M) is not big> satisfies the axioms for linear dependence
(which enable us to define dimension).

ProOF.

(A) Choose ¢ (x,a) with minimal rank such that for some N, M <N, N |=¢,
and ¢ €|N|-|M]|, N|=¢lc,al.

(B) Easy, remembering 6.5.

LEMMA 6.7. Let ¢ be nice and N,-stable. Then i is categorical in N, iff for
every model N, |[N|=N,, Nl|=¢ for every minimal ¢(x,a) (a €N)
[{c €|N|: Nl=¢lc,al}|=N, iff for every model M,N of ¢, M <N, and
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minimal ¢(x,a) (@ €| M) for some ¢ €|N|—|M|, N|=¢[c,a] iff over every
countable N |=4, there is a prime model M, of ¢ i.e. N <M=y, N# M, and if
N <M'|=¢, N# M', then there is an elementary embedding of M into M’ which
is the identity over |N|.

Proor. Left to the reader.
This seemed a reasonable characterization of categoricity.

CoONCLUSION 6.8. Let  be nice, Ry,-stable and categorical in N,. Then its
model M of cardinality 8, is N,-model-homogeneous, i.e. if N\, N,<M, f an
isomorphism from N, onto N., N\, N, are countable then we can extend f to an
automorphism of M.

REMARKS. (1) We can easily generalize Lemma 3.4 (that the lack of the
amalgamation property implies I(N,,¢)=2") to higher cardinals and to
pseudo-elementary classes.

(2) If TC L(Q), and for every finite set of formulas I'C L(Q) there is a
model M of T,|T| =N such that for every countable A C|M|
|{tp(a,A,T,M): @ €|M|}| =N, then T has a model N, ||N| = 8., such that the
number of L.,.(Q)-types realized in N is countable. The proof is analagous to
2.3.

(3) Claim 5.2 generalizes easily to any regular cardinality.

(4) We can strengthen the definition of nice indexed set (Def. 5.2) as in [S6]
without changing the conclusions.

(5) We can generalize 6.4-6.8 to € L.,..(Q).

(6) We can define niceness for all reasonable logics.

Note added October 6, 1974.

(1) A Variant of 2.3 was proved, later and independently by M. Makkai, An
addmissible generalization of a theorem on countable T) sets of reals with
applications, to appear.

(2) Recently, the author has proven that e.g., if ¢ € L., is categorical in R,
for 0 <n < w then ¢ is categorical in every A >N, assuming V = L.
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